Let G/H be a homogeneous variety, and let X be a G-equivariant embedding of G/H such that the number of G-orbits in X is finite. We show that the equivariant Borel-Moore homology of X has a filtration with associated graded module the direct sum of the equivariant Borel-Moore homologies of the G-orbits. If T is a maximal torus of G such that each G-orbit has a T -fixed point, then the equivariant filtration descends to give a filtration on the ordinary Borel-Moore homology of X.
Introduction
Let G be a connected complex reductive algebraic group, and let H be a closed subgroup. Let X be a G-equivariant embedding of G/H such that the number of G-orbits in X is finite. The purpose of this article is to obtain and study a filtration of the (equivariant) Borel-Moore group of X. The prototype of our decomposition already exists, as we show, for the ordinary cohomology vector space of a wonderful compactification. If X is the wonderful embedding of a homogeneous variety G/H, where the rank of G is equal to the rank of H, then the rational cohomology spaces of X is the direct sum of the rational cohomology spaces of the G-orbits in X. More precisely, we prove that there are Q-vector space isomorphisms,
In particular, we conclude from (1.1) that the Borel-Moore homology of X has a filtration with the associated graded module equal to direct sum of the Borel-Moore homology groups of the G-orbits. The main example we have in mind is the wonderful compactification of the symmetric space E p,q := SL n /S(GL p × GL q ) (for p, q ∈ N, p + q = n), where the subgroup Acknowledgements. The second author is partially supported by a grant from Louisiana Board of Regents. We thank Slawomir Kwasik andÖzlem Uǧurlu for useful conversations. We are grateful to Michel Brion for his constructive criticisms and comments.
Notation and Preliminaries
Throughout this paper, unless otherwise stated, G will stand for a connected reductive algebraic group over C. We will use B to denote a Borel subgroup of G, and use T to denote a maximal torus that is contained in B. Then B = T ⋉ U, where U is the unipotent radical of B. We will denote the Weyl group of (G, T ) by the letter W . Then W = N G (T )/T , where N G (T ) is the normalizer of T in G. For G = SL n , the Weyl group is denoted by S n ; it is the symmetric group of permutations on {1, . . . , n}.
In this paper, we are interested in the geometry of the compactifications of homogeneous spaces of the form G/H, where H is a closed subgroup of G such that the subset BH is open in G. In this case, H is called a spherical subgroup and the homogeneous space G/H is called a spherical homogeneous space. Important examples of spherical subgroups come from the fixed subgroups of automorphisms of G of order 2. We will review an example of symmetric varieties in much detail in the next subsection.
Polarizations
The combinatorial data that we present in this subsection is well known (see, for example, [16, Chapter 11] ). Our purpose for providing much detail for this example is to establish the notation that will be used in the sequel.
Let n be a positive integer, and let G denote SL p+q (C), where p and q are two positive integers such that 1 ≤ p ≤ q ≤ n − 1, and p + q = n. Let Then θ 2 = id G . We will compute the fixed subgroup K = G θ , so, let g be an element from K := G θ . We write g in block-matrix form as in g =   , where a 1 is of order p, b 2 is of order q − p, and c 3 is of order p. By using the equation J p,q gJ p,q = g, it is easy to check that
Despite the complicated look of its elements, K is isomorphic to S(GL p (C) × GL q (C)). To see this, we decompose ('polarize') C n into the ±1-eigenspaces V ± of J p,q , C n = V − ⊕ V + . Since the fixed subgroup K consists of all linear transformations of determinant 1 that commute with J p,q , we see that K = S(GL(V − ) ⊕ GL(V + )) ∼ = S(GL p × GL q ). In other words, G/K ∼ = E p,q , where E p,q is as in the introductory section. From now on, we will refer to the symmetric variety E p,q as the variety of polarizations.
It is easy to verify that the diagonal torus T of G is θ-stable. Let
Then S is a maximal θ-split subtorus of T ; its rank is p. Since T is θ-stable, we have an involutionθ on the root system of (G, T ), which is given by Φ = {χ
j , where t = diag(t 1 , t 2 , . . . , t n ). To write the involutionθ : Φ → Φ explicitly, we assume that 1 ≤ p ≤ q ≤ n − 1, and we put A(1) := {1, . . . , p}, A(2) := {p + 1, . . . , q}, and A(3) := {q + 1, . . . , n}. Thenθ(χ i,j ) (i < j) is the root that is defined byθ(χ i,j )(t) = χ i,j (θ(t)). Since
we find thatθ
Now we divide Φ into disjoint subsets: Φ = Φ 0 ∪ Φ 1 , where
Thus, it is easy to check that
Also, it is easy to check from (2.3) that if we define Φ + as the standard set of positive roots, that is Φ + := {χ i,j : 1 ≤ i < j ≤ n}, then we have the following inclusion:
Remark 2.4. If we assume that p = q or p + 1 = q, then Φ 0 = ∅, and Φ 1 = Φ.
Let X * (T ) and X * (S) denote the groups of characters of T and S, respectively. Let r : X * (T ) → X * (S) denote the homomorphism that is defined by restricting the characters of T onto S. The image r(Φ 1 ) is a root system in X * (S), however, it is not necessarily reduced. The restricted root system of the symmetric variety G/K is the root system Σ := r(Φ 1 ) in X * (S). Let ∆ denote the set of simple roots that is defined by Φ + , and let ∆ 1 denote the intersection ∆ ∩ Φ 1 . Finally, the image of ∆ 1 in X * (S), that is, ∆ := r(∆ 1 ), gives us a set of simple roots for the restricted root system r(Φ 1 ). The elements of ∆ are called the restricted simple roots. We will compute Σ and ∆.
We denote the i-th
is the quotient of Zχ 1 ⊕ · · · ⊕ Zχ n by the subgroup generated by χ 1 + · · · + χ n . Now let s = diag(s 1 , . . . , s n ) be an element from S, and we observe that
Therefore, we have two cases.
1. We assume that p < q. Then, for χ i,j ∈ Φ 1 , we have
It follows that the restricted root system for G/K is given by
This is a type BC p root system. In this case, the set of restricted simple roots is given by
2. We assume that p = q. Then, Φ 1 = Φ, and
This is a type C p root system. In this case, the set of restricted simple roots is given by
Remark 2.9. Another set of simple roots that will be useful for purposes is given by Π := Φ 0 ∩ ∆. The elements of Π are precisely the simple roots that are invariant underθ,
We will denote by Q Π the standard parabolic subgroup of G corresponding to Π. Note that Π is nonempty if and only if p + 1 < q.
Chow groups
In this subsection, we follow Fulton's book [15] . Let k be a nonnegative integer, and let X be a scheme. The free abelian group generated by all k dimensional subvarieties of X is denoted by Z k X. The elements of Z k X are called k-cycles. A k-cycle α is said to be rationally equivalent to 0, and written α ∼ 0 if there are a finite number of k + 1 dimensional subvarieties Y 1 , . . . , Y s and rational functions
The set of k-cycles which are rationally equivalent to 0 is a subgroup of Z k (X), denoted by Rat k (X). The quotient group A k (X) := Z k (X)/Rat k (X) is called the group of k-cycles modulo rational equivalence, or the k-th Chow group. The total Chow group A * (X) := dim X k=0 A k (X) is a graded abelian group; if X is equidimensional, then A dim X (X) is freely generated by the classes of irreducible components of X.
If X is an equidimensional scheme, by replacing Z k (X) with Z k (X), that is the group of k-codimensional cycles, we have the Chow group
We set A * (X) := ⊕A i (X). If X is smooth, then there is an intersection pairing on A * (X), and hence, A * (X) becomes a ring. Let s be an element of Z ≥0 ∪ { * }. We will denote the vector spaces A s (X) ⊗ Q and A s (X) ⊗ Q by A s (X) Q and A s (X) Q , respectively.
Some useful properties of Chow groups.
Chow groups behave nicely with respect to certain classes of morphisms.
Let i : Y ֒→ X be an inclusion of a closed subscheme Y into a scheme X. Let U denote the complement X − Y and let j : U → X denote the inclusion. Then there is an exact sequence
for all k. To understand the image of i * in A k (X) we need to consider Edidin and Graham's version of Bloch's higher Chow groups.
Bloch's higher Chow groups
Let X be a quasi-projective scheme, and let ∆ k denote the algebraic version of the regular k-simplex:
A face of X ×∆ k is the subscheme of the form X ×∆ m , where the second factor ∆ m is the image of an injective canonical morphism ρ : ∆ m → ∆ k . We denote by Z i (X, •) the complex whose k-th term is the group of cycles of codimension i in X × ∆ k which intersect properly all of the faces in X × ∆ k . In [3] , Bloch considered the following higher Chow groups:
Let Z p (X, •) denote the complex whose k-th term is the group of cycles of dimension p + k in X × ∆ k intersecting the faces properly.
Definition 2.11. The (p, k)-th higher Chow group of a quasi-projective scheme X is defined by
The point of this definition is that X does not need to be equidimensional. If X is equidimensional of dimension n, then it is easy to see that A p (X, k) = CH n−p (X, k). Now we state the localization long exact sequence for higher Chow groups.
Lemma 2.13. Let Y be a closed, not necessarily equidimensional subscheme of an equidimensional scheme X. Then there is a long exact sequence of higher Chow groups;
Remark 2.16. It is not clear if the localization long exact sequence terminates for an arbitrary scheme.
A Wonderful Variety
Let G be a semisimple complex algebraic group, and let K be, as before, the fixed subgroup of an involutory automorphism θ : G → G. We will denote by N(K) the normalizer of K in G. Then, according to [10] , there is a "wonderful compactification" X of
where N G (K) denotes the normalizer subgroup of K in G. The purpose of this section is to present the orbit structure of the wonderful compactification of the variety of polarizations. The defining properties of this variety are as follows:
1. X is a smooth projective G-variety;
is a smooth prime divisor and D i is the closure of a single G-orbit;
3. the closure of any G-orbit in X is smooth and it is the transversal intersection of D i 's that contain it.
The divisors
where Q Π is the parabolic subgroup that is constructed in Remark 2.9. This follows from the general principles that are set forth in [10] .
We proceed to present further specifications of the wonderful compactification of E p,q which also follows from the general principles.
The homomorphism i
If α is a restricted simple root from ∆, then 2α is a weight of S and T . In particular, it extends to a weight of Q Π , hence, it gives a line bundle L 2α on G/Q Π . It turns out that for each line bundle of the form O(D) on X, where D is a boundary divisor, there exists a unique restricted simple root α ∈ ∆ such that i
]. This correspondence gives an order reversing bijection between the set of G-orbit closures in X and the set of all subsets of ∆.
If Γ is a subset of the set of restricted simple roots ∆, and O is the corresponding G-orbit in X, then we set
Clearly, Π ⊆ Ω. Let Q Ω denote the parabolic subgroup corresponding to Ω. Let L Ω denote the Levi factor of Q Ω , and let M Ω denote the derived subgroup of L Ω . The original involution θ induces an involution on M Ω , which we denote by the same letter θ. Hence we have a symmetric variety
. In this notation, it turns out that, there are G-isomorphisms with the fibre products (see [11] ):
As before, let K denote S(GL p × GL q ) with 1 ≤ p ≤ q, p + q = n. We preserve our notation from Subsection 2.1. Let Γ be a subset of the set of restricted simple roots ∆.
Proof. Without loss of generality, we assume that i < j. Then we let i ′ := n − j + 1,
The proof follows from the descriptions of the map r as given in (2.5) and (2.6).
Remark 3.5. Lemma 3.4 shows that not every standard parabolic subgroup of G appears in the base of the fibre product description of the G-orbits of X as in (3.2) . Indeed, if a subset Ω of Φ contains χ i,j , but not its companion χ i ′ ,j ′ , then Ω cannot be of the form (3.1). On the other hand, if a subset Ω ′ of ∆ satisfies the properties
Therefore, a subset of ∆ has a corresponding G-orbit in X if and only if it is of the form (3.6). Obviously, there are exactly 2 p such subsets.
Now we look into the question of the normalizing subgroup for K.
Lemma 3.7. Let G be a semisimple simply connected complex algebraic group, and let θ : G → G be an automorphism of order 2. Let K denote G θ , and let Z G denote the center of G. In this case, the normalizer of
Let us compute the normalizer of S(GL p ×GL q ) in SL n . For this purpose, instead of using the automorphism (2.1), we find it more convenient to use the involution σ : SL n → SL n , defined by
where
It is easy to check that S(GL p × GL q ) is the fixed subgroup of σ.
Let g be an element from N SL n (S(GL p ×GL q )). We write g in block form, g =
where g 11 is of order p and g 22 is of order q. By Lemma 3.7, we have gσ(g) −1 ∈ Z SLn , or equivalently, we have an n-th root of unity, η n such that g = η n σ(g). In particular, we have the matrix equations
If g 11 is nonzero, then (3.9) shows that η n = 1, and hence, g 12 = g 21 = 0. In this case, g ∈ S(GL p × GL q ). If g 11 = 0, then we have g 22 = 0 as well. Otherwise, η n = 1, and hence, g 12 = g 21 = 0, which contradicts with the invertibility of g. Therefore, in this case, we have g = 0 g 12 g 21 0 , and η n = −1. It follows that p = q, otherwise, g cannot be invertible. We summarize these observations in the next lemma.
where g 12 and g 21 are block matrices of order p, and det g = 1. Moreover, in this case, the index of
We proceed with the assumption that 1 ≤ p < q. Let Γ be a subset of the set of restricted simple roots ∆, and let Ω := {α ∈ ∆ : r(α) / ∈ Γ } denote the associated set of simple roots in ∆. Let M Ω denote the semisimple part of the Levi subgroup L Ω of SL n determined by Ω. Then
for some nonnegative integers m, a 1 , . . . , a s+1 with a s+1 ≥ q − p. Indeed, to see this, let C 1 , . . . , C r denote the connected components of the Dynkin diagram of Ω with the following convention: If χ i,i+1 (1 ≤ i ≤ n − 1) and χ j,j+1 (1 ≤ j ≤ n − 1) are two simple roots such that
Recall that Ω contains Π = {χ i,i+1 : p < i < q}, and that each root in Ω \ Π has a companion. Therefore, r = 2s + 1 for some s ∈ N, and the vertex set of C s+1 contains Π. To be precise, to make this conclusion, we need the stronger assumption that p + 1 < q. However, we can argue for the equality p + 1 = q in a very similar way, so, we omit writing its details as a separate case. With this assmption, for each pair (C i , C r+1−i ), we have a copy of GL , and we have a copy of GL a s+1 for C s+1 . As L Ω contains the maximal torus of SL n , the factor GL 2m 1 in (3.11) comes from the complement of ∪ r i=1 C i in ∆, and depends on the numbers of simple roots between the consecutive C i 's. It follows that
(3.12)
is the trivial group. Now, the induced automorphism θ : M Ω → M Ω maps one copy of SL a i (1 ≤ i ≤ s) onto the other. Finally, it acts on the factor SL a s+1 in such a way that the fixed subgroup is isomorphic to S(GL a × GL b ), where a + b = a s+1 and b − a = q − p.
Finally, we look at the case of p = q, and n = 2p. In this case, the computation of M Ω develops in a similar way to the previous case, and the final result is of the form (3.12) also. Let us mention that the "non-repeated" factor SL a s+1 corresponding to the middle connected component C a s+1 appears in the Dynkin diagram of Ω only if 2χ p is an not element of Γ . We will present a detailed example in the sequel. 
for some nonnegative integers a 1 , . . . , a s+1 , a, b (a + b = a s+1 ) which are determined by Γ .
Proof. We will present the proof under the assumption that 1 ≤ p+1 < q since the arguments for the proofs of the other cases are very similar.
Since M Ω is of the form (3.12), by the matrices of its elements, we see that the normalizer of the fixed subgroup M θ Ω is isomorphic to the product of the normalizers of the fixed subgroup in each factor in (3.12). Hence, the torus part does not appear in the quotient.
For factors of the form SL
(1 ≤ i ≤ s), the fixed subgroup is a twisted (conjugated by Z a i ) diagonal copy of SL a i , so, the quotient by the normalizer of (the twisted) SL a i gives the adjoint group PSL a i .
Finally, for last factor, we already know that the fixed subgroup is S(GL a × GL b ), where a + b = a s+1 and b − a = q − p. Since we have the roots Π in C s+1 , there is a nontrivial middle part in the matrices of the elements of S(GL a × GL b ), therefore, a = b. Thus, by Lemma 3.10, we see that the normalizer of the fixed subgroup is S(GL a × GL b ) itself. This finishes the proof.
Remark 3.14. Our Lemma 3.13 shows that the structures of the fibres of the SL n -orbits in X p,q are similar in that for both of the cases p = q and p = q the fibre
is a product of adjoint groups and a symmetric space. However, there is a subtle difference; in the latter case, the symmetric space factor is always of the form E a,b = SL a+b /S(GL a ×GL b ) for some a and b such that a = b, whereas in the former case, the symmetric space is of the form SL 2a /N SL 2a (S(GL a × GL a )), where S(GL a × GL a ) is an order 2 subgroup of N SL 2a (S(GL a × GL a )), see Lemma 3.10.
Example 3.15. In this example, we present the orbit data for n = 8, p = q = 4 as an illustration. Here, Φ 0 = Π = ∅, and ∆ = {χ 1,2 , χ 2,3 , χ 3,4 , 2χ 4 }. The restriction of simple roots r : ∆ → ∆ is as follows:
With the data of this map in hand, for each choice of Γ , we record the resulting Ω = Ω(Γ ), its corresponding Dynkin diagram, L Ω , and the fibre, 
The Borel-Moore Homology of a Class of Wonderful Varieties
We start with reviewing some well known facts about the Borel-Moore homology groups. We follow the presentation in [15, Chapter 19] ; if X is a topological space, then H * (X) stands for the Borel-Moore homology group with integer coefficients.
1. If f : Y → X is a proper morphism of complex schemes, then there are covariant homomorphisms f * :
If j : U ֒→ Y is an open imbedding, then there are contravariant restriction homomorphisms j
3. If Y is the complement of U in X and i : Y → X is the closed imbedding, then there is a long exact sequence
4. If X is a disjoint union of a finite number of spaces,
5. There is a Künneth formula for Borel-Moore homology.
6. If X is an n-dimensional complex scheme, then H i (X) = 0 for all i > 2n, and H 2n (X) is a free abelian group with one generator for each irreducible component X i of X. The generator corresponding to X i will be denoted by cl(X i ). More generally, we will use the following notation: If V is a k-dimensional closed subscheme of X, and i : V ֒→ X is the closed imbedding, then cl X (V ) stands for i * cl(V ), which lives in H 2k (X). If confusion is unlikely, we will omit the subscript X from the notation.
Since we do not need it for our purposes, we will not define deg(V /W ) here; see [15, Section 1.4] for its definition.
8. For any complex scheme X, there is a homomorphism from algebraic k-cycles on X to the k-th Borel-Moore homology, cl :
. This homomorphism factors through the "algebraic equivalence" (which we didn't introduce), hence, by composition, it induces a homomorphism from the k-th Chow group of X onto the 2k-th Borel-Moore homology. We will denote the resulting homomorphism by cl also, and call it the cycle map. 
If a complex scheme X has a cellular decomposition, then the cycle map cl
X : A k (X) → H 2k (X)
Finally, let us mention that if
For further details of this useful homology theory, see [4] .
Wonderful varieties Definition 4.2. An irreducible algebraic G-variety X is called a wonderful variety of rank r if
(i) X is smooth and complete;
(ii) X has an open G-orbit whose complement is a union of prime G-divisors D 1 , . . . , D r with normal crossings and such that
Remark 4.3. The last condition in Definition 4.2 shows that the G-orbits in X are parametrized by the subsets of {1, . . . , r}. Moreover, together with (ii), it shows that if I ⊂ {1, . . . , r}, then the intersection i∈I D i is the closure of a G-orbit. Also, it shows that there exists unique closed G-orbit in X, which is
Remark 4.4. The wonderful compactification of a symmetric variety is a wonderful variety.
Before we proceed to describe the Borel-Moore homology of a class of wonderful varieties, we make a general definition. Definition 4.5. Let X be an irreducible G-scheme, and let X 0 denote the open G-orbit in X. We will call X CH-congruent (Chow group/rational homology congruent) if the cycle map to the rational cohomology induced via the Poincaré duality, that is cl X 0 :
, is an isomorphism. More generally, we will call a G-scheme X CH-congruent if each irreducible component of X is CH-congruent.
Let H be a connected reductive subgroup of a connected reductive group G. Let T H be a maximal torus of H and let T be a maximal torus of G containing T H . We will denote by W H and W the Weyl groups of (H, T H ) and (G, T ), respectively. We denote by S H and S the symmetric Q-algebras over the character groups of T H and T respectively. Finally, we will denote by (S W + ) the ideal generated by the restriction to S 
The homogeneous space G/H is CH-congruent.
Moreover,
Example 4.7. Let H denote S(GL p ×GL q ). Then the rank of H is equal to that of G = SL n , which is n − 1. Indeed, H and G share the same maximal diagonal torus. Therefore, S H is equal to P n := Q[t 1 , . . . , t n ]/(t 1 + · · · + t n = 0). As an immediate corollary of Lemma 4.6, we see that A * (E p,q ) Q ∼ = P Sp×Sq n /I + , where S p × S q is the subgroup of the symmetric group consisting of permutations σ ∈ S n such that σ({1, . . . , p}) = {1, . . . , p}, and I + is the ideal generated by S n -invariant polynomials of positive degree.
We are now ready to prove the main result of our paper. To this end, let X be a smooth complete spherical embedding of a CH-congruent homogeneous space G/H. Under these assumptions, we know that X has a cellular decomposition via Bia lynicki-Birula decomposition.
Let Y denote the complement of U := G/H in X. We let i : U ֒→ X and j : Y → X denote the corresponding inclusions. On one hand we have the long exact sequence (4.1) for Borel-Moore homology. On the other hand, we have the localization long exact sequence (2.14) for the higher Chow groups.
Since U is a CH-congruent homogeneous space, these long exact sequences break down into short exact sequences. To see this we look at the diagram in Figure 4 .1, where the horizontal sequences are exact, cl U and cl X are isomorphisms. Also, on the top and the bottom exact sequences, the maps i * 's are induced from the restriction map to the open set U, and therefore, they are actually equivalent maps. (So, our notation is unambiguous.) It follows that, by the exactness of the Chow group sequence, i * is surjective, hence δ 2k is the 0-map. Note that U is a CH-congruent variety, so, its odd (co)homology vanishes, therefore, δ 2k+1 is the 0 map as well. It follows that H 2k+1 (Y, Q) ∼ = H 2k+1 (X, Q). By the exactness of the Chow sequence, and by identifying i * 's in the top and the bottom sequences, we see that the images of j * 's are isomorphic subgroups. Furthermore, we know that the bottom j * is injective since δ 2k+1 = 0. However, we do not claim that the j * 's are the 'same' (yet) since we do not know if cl Y is an isomorphism, or not. It turns out that this is the case by a deep result due to Totaro and Jannsen.
According to [19] , a linear scheme is a scheme which can be obtained by an inductive procedure starting with an affine space of any dimension, in such a way that the complement of a linear scheme imbedded in affine space is also a linear scheme, and a scheme which can be stratified as a finite disjoint union of linear schemes is a linear scheme.
Lemma 4.8. For any complex linear scheme Z, the natural map
from the rational Chow group into the smallest subspace of rational Borel-Moore homology with respect to the weight filtration is an isomorphism.
Proof. See [19, Theorem 3] .
Remark 4.9.
1. A finite union of linear schemes is a linear scheme.
2. Any spherical variety is linear.
3. The complement of the open G-orbit in a spherical variety is a linear scheme since it is a union of finitely many G-orbit closures. Now, by Remark 4.9 and Lemma 4.8, we know that the vertical map cl Y is injective. Since the bottom j * is injective, and it has the same image as the top j * , we see that the top j * has to be injective as well. It follows that the localization long exact sequence for the higher Chow groups breaks down. These observations give us the following result. 
and
Proof. Let U denote the open G-orbit, U = G/H, and let Y denote its complement, X − U. By the above, discussion, it suffices to show the last assertion that, for all k ∈ Z ≥0 , the groups H 2k+1 (Y, Q) ∼ = H 2k+1 (X, Q) are trivial. But this follows from the fact that the Borel-Moore homology is equal to the singular homology for an oriented compact manifold, and the fact that X has a cellular decomposition, where the cells are complex affine spaces. Indeed, X has a Bia lynicki-Birula decomposition since it is a smooth complete spherical variety, hence the odd homology of X vanishes.
Let G/H be a spherical homogeneous space. A spherical embedding X of G/H is called toroidal if X has no B-invariant divisor which is G-invariant. X is called simple if it has a unique closed G-orbit. Wonderful varieties are toroidal as shown by Bien and Brion in [2] . In fact, any smooth complete toroidal spherical variety is a wonderful variety. The stabilizers of generic points in G-orbits of a simple toroidal embedding are recently looked at by Batyrev and Moreau in [1] . 
Moreover, there is a homomorphism from
Proof. 
Proof. Since X is a wonderful variety, any G-orbit closure X i is smooth, and furthermore, X i is a wonderful variety itself. Therefore, in light of Theorem 4.10, our second claim will follow from the first one, that is, the rank of the stabilizer of a generic point in X i is equal to rk(H) = rk(G).
Note that the closed G-orbit in X i is the closed G-orbit in X. Let G/Q denote this closed G-orbit, where Q is a parabolic subgroup. The satellite of H corresponding to G/Q is H ∅ = Q. It follows from Remark 4.12 that the Levi subgroup L Q of Q is contained in the stabilizer subgroup in G of a generic point in X i . Since the rank rk(L Q ) of L Q is equal to the rank of G, the proof of our proposition is complete.
We are now ready to prove one of the main results of our article. Proof. By Theorem 4.10 and Proposition 4.13, we know that the rational Borel-Moore homology of any orbit closure
We will compute the latter homology group; we already know from the proofs of Theorem 4.10 and Proposition 4. Proof. In the light of Theorem 4.14, the proof follows from the Leray-Hirsch theorem applied to the fibration (4.15).
As a consequence of Lemma 4.6, Corollary 4.17, and Remark 4.16, we see that the rational cohomology of X p,q is isomorphic, as a vector space, to the direct sum of tensor products of coinvariant rings with a number of exterior algebras.
The Equivariant Setup
The equivariant Chow groups and the equivariant Borel-Moore homology of a G-space are introduced by Edidin and Graham in [13] . In [5] , by focusing on the torus actions, Brion constructed machinery for the applications of equivariant Chow groups. Among the results of Brion is a presentation of the equivariant Chow groups via invariant cycles, which establishes a connection between the equivariant Chow groups and the ordinary Chow groups. We will provide more details for this fact in the sequel. The main purpose of this section is to show that our result on the decomposition of the ordinary Borel-Moore homology of a wonderful variety has a generalization in the setting of equivariant Borel-Moore homology.
We start with reviewing the definitions of equivariant Chow groups and the Borel-Moore homology groups. We will follow the notation of [6] , however, we will not abbreviate H G * (X, Q) to H G (X). Let X be a complex algebraic G-scheme, where G is a connected complex linear algebraic group G. Notice that we do not assume the reductiveness of G, however, implicit in the definition of a G-scheme is the assumption that it has a covering by G-invariant quasiprojective open sets. Let n be a nonnegative integer. To define the k-th G-equivariant Chow group of X, we fix a linear representation V of G, and we fix a G-stable open subset U in V satisfying the following two conditions:
1. the quotient U → U/G exists, and it is a principal G-bundle;
Then the quotient of the product X × U by the diagonal action of G exists as a scheme, which is denoted by X × G U. If X is equidimensional, then the G-equivariant Chow group of degree k of X is defined by The rational equivariant Borel-Moore homology groups as well as the rational equivariant Chow groups are defined, as in the ordinary case, by tensoring the corresponding groups with Q. Remark 5.3. We will mention several important results that are of crucial importance for our purposes.
